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Available online 16 September 2014AbstractFatigue damage accumulation is an outstanding issue in ocean engineering due to long-term cyclic mechanical behaviours
resulting from wind, waves and currents. Fatigue monitoring of offshore truss structures has been limited by the costs and tech-
niques of current strain sensors. Aiming to estimate the unmeasured response of structural members, for which there are no
available sensors, this paper proposes a strain response estimation strategy using three types of state-space formulations and a
Kalman Filtering (KF) process. A strain modal coordinate based state-space model was developed, especially for large engineering
structures. The theoretical approaches were evaluated using the numerical simulations based on deterministic and stochastic ex-
citations. The algorithm can be integrated with the existing fatigue monitoring system as an early warning tool.
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As an orderly hinged system, the truss structure has
been used extensively in ocean engineering, e.g.,
offshore jacket platforms, wind turbines, deepwater
truss spar platforms, pipe laying vessels and attached
facilities. As is known to all designers and engineers,
environmental loads, such as wind, waves and currents,
act on the platform and the subsystems, resulting in
long-term cyclic responses and fatigue damage* Corresponding author.
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structure is still as significant an issue as the riser VIV,
especially related to the coupling effect of the corro-
sion. However, the use of fatigue monitoring has been
limited due to the high costs and the available practical
techniques; as a result, the sensor network can hardly
cover the key parts of the offshore truss structures,
including vulnerable underwater locations. Therefore,
it is essential to determine a feasible method to esti-
mate the unmeasured response of the structural mem-
bers in locations where there is no available sensor.
Optimal State Estimation has been developed since
the sixties of the last century [1]. Systematic state
variables can be statistically inferred and quickly
approach the true values using the state-space formu-
lation and the KF (and other advanced) process. Theniversity, Dalian University of Technology, Kokushikan University.
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from the measured vibration signals in mechanical and
structural systems based on both time and observa-
tional updating. Specifically, KF allows for the esti-
mation of an unmeasured response based on a given
sparsely measured time history response and a model
of the system [2,3]. A first-order state-space formula-
tion in structural and mechanical systems can be built
through FEMs and the state variables, such as the
displacement and stress/strain.
Within the scope of the present paper, the unmea-
sured responses of the structural members for which
there is no available sensor must be estimated, and all
of the achieved responses can be utilised for fatigue
evaluation. Papadimitriou et al. (2010) proposed fa-
tigue life predictions in the entire body of metallic
structures from a limited number of vibration sensors
using KF [4]. Hernandez et al. (2011) developed an
advanced observer as a modified KF for second-order
linear structural systems [5]. The approach is used to
estimate the number of threshold crossings in the
bending moment history of a simulated tall vertical
structure subject to turbulent wind [6]. However, the
above predictions of fatigue damage accumulation are
in terms of the power spectral density (PSD) of the
stress processes. A real-time and long-term cyclic
tracking of responses must be conducted on practical
engineering applications of such theoretical
approaches.
Considering that the fatigue monitoring in the ocean
engineering area usually use a strain sensor, such as a
fibre Bragg grating (FBG) and a linear variable dif-
ferential transformer (LVDT), this paper focuses on the
strain response estimation of the unmeasured structural
members in the truss structure using the KF process.
Three types of structural state-space formulations are
derived for a more practical KF process. Theoretical
methods are validated by a simple truss FEM.Basic method
State-space formulation based on nodal displacement
For the structural dynamics in the finite element
formulation with n degrees of freedom (DOFs) and m
elements, the differential equation describing the dy-
namics is as follows.
M€qðtÞ þC _qðtÞ þKqðtÞ ¼ B0uðtÞ þwðtÞ ð1Þ
where q(t) is the n-order node displacement vector; M, C and
K are the n-order mass, damping and stiffness matrices,
respectively. u(t) is the n-order deterministic load vector; B0 isthe deterministic load input matrix ofn  nB. Generally, the
stochastic loads act on all DOFs of the structural model. w(t) is
the n-order stochastic load vector that is also called system
noise in the control theory.
The state vector is defined as the nodal displacement
vector and the nodal velocity vector: xðtÞT ¼
fqðtÞT _qðtÞTg. The equations of motion can be
expressed as a type of first-order differential form:
_xðtÞ ¼ AxðtÞ þBuuðtÞ þBwwðtÞ ð2Þ
This equation is called the equation of state. The
structural finite element model is expressed as the
state-space representation:
A¼

0 I
M1K M1C

;
Bu ¼

0
M1B0

; Bw ¼

0
M1I

ð3Þ
where A is the system matrix of 2n  2n; Bu is the deter-
ministic input matrix of 2n  nB; Bw is the stochastic input
matrix of 2n  n; and I is the n-order unit matrix.
The output conversion process is given by the
equation of measurement:
yðtÞ ¼ HxðtÞ þ vðtÞ ð4Þ
where y(t) is the strain response output vector. The finite
element is assumed to be some simple linear element, such
as the beam element and the truss element, in this study.
The structural strain response is defined as the strain along
the direction of the finite element length, which yields the m-
order vector. H is the measurement matrix of m  2n; v(t) is
the m-order measurement noise vector. Note that only limited
measured strain responses can be achieved, so the element is
zero in the j-th (j2f1/mg) row of y(t). Meanwhile, the el-
ements in the j-th (j2f1/mg) row of the measurement ma-
trix H is also zero. The singular matrix is written as HS.
According to the theory of the FEM, the measure-
ment matrix should be derived based on the relation-
ship between the elemental strain and the node
displacement. First, in consideration of the element
analysis, the shape function matrix of the finite element
is set as N. Based on the virtual displacement principle
for deformable bodies, the relationship between the
internal stain εi of the element i and the element node
displacement vector fq0i g in the local coordinate sys-
tem can be given by,
εi ¼ fDNg

q0i
T ð5Þ
where D is a differential operator. Next, the global analysis is
performed on the element node displacement vector in the
global coordinate system:
bfqg ¼ q01 / q0i  / q0mT ð6Þ
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the element strain response output vector can be expressed as:
y¼ fεg ¼  ε01 / ε0i / ε0m T ð7Þ
Without measurement noise, we can take general
assembly into account. The relationship between the
strain response output vector and the node displace-
ment vector can be given by:
fεg ¼ diag½fDNg0/fDNgi/fDNgmbfqg ð8Þ
where H1 ¼ diag
 fDNg0 / fDNgi / fDNg mb
Meanwhile, based on the equation of measurement and the
definition of the systematic state vector, we obtain the mea-
surement matrix:
H ¼ ½H1 0  ð9Þ
State-space formulation based on the elemental strain
The state vector is composed of the node displace-
ment vector and the node velocity vector in the above
state-space formulation. In the process of the strain
response estimation, the strain response must be
calculated through the measurement equation after the
state vector estimation. To simplify the process, the
state-space formulation can be expressed in elemental
strain form. Thus, the structural strain response can be
calculated at the same time as the state vector
estimation.
The relationship between the elemental strain and
the node displacement in the finite element formula-
tion, ε(t) ¼ H1q(t) (Eq. (8)), is substituted into the
structural differential equations of motion (Eq. (1)). In
addition, when HT1 is multiplied at the left, we obtain:
Mε€εðtÞ þCε _εðtÞ þKεεðtÞ ¼ HT1 B0uðtÞ þHT1 wðtÞ ð10Þ
The above equation is a differential equation based
on elemental strain. Mε ¼ HT1 MH11 , Cε ¼ HT1 CH11
and Kε ¼ HT1 KH11 .
The state vector is defined by the elemental strain
vector and the strain rate vector. xðtÞT ¼ fεðtÞT _εðtÞTg.
The state-space representation is expressed as:
A ¼

0 I
M1
ε
K M1
ε
C

;
Bu ¼

0
M1
ε
HT1 B0

; Bw ¼

0
M1
ε
HT1 I

ð11Þ
Based on the equation of measurement and the
definition of the systematic state vector, we obtain the
measurement matrix:
H ¼ ½ I 0  ð12ÞState-space formulation based on the strain modal
coordinate
The elemental strain based state-space formulation
was considered to simplify the calculation process to
some extent. However, for large engineering structures
with a large number of DOFs, because state-space
models (such as a system matrix) are 2n-order, the
calculations are unacceptable. Therefore, according to
the modal superposition principle in the structural
dynamics and the lower-order mode truncation of large
engineering structures, the calculation in the state-
space can be greatly reduced.
Based on the modal superposition principle, the
nodal displacement vector can be expressed as the
following form of structural mode shapes super-
imposed with the modal coordinates:
fqg ¼
Xn
r¼1
qrffrg ¼ Ffqmg ð13Þ
where {fr} is the r-th order mode shape vector; F is the
displacement mode shape matrix; qr is the r-th modal coor-
dinate; and {qm} is the displacement modal coordinate vector.
Similarly, the elemental strain vector can be expressed as the
below form of strain mode shapes superimposed with the
nodal coordinates:
fεg ¼
Xn
r¼1
qεr

jεr
¼Jqεm ð14Þ
where fjεrg is the r-th order strain mode shape vector;J is the
strain mode shape matrix; qεr is the r-th strain modal coordi-
nate; and fqεmg is the strain modal coordinate vector. It has
been proven that every strain modal coordinate is the same as
the displacement modal coordinate of the same order [7]. As a
result, we obtain
qεm
¼ fqmg ð15Þ
According to Eqs. (13)e(15) and Eq. (8), we can
obtain the relationship of the mode shape matrices
between displacement and strain:
J¼ H1F ð16Þ
Substituting Eq. (14) into the differential equation
of motion and multiplying JT at the left:
Mm€q
ε
mðtÞ þCm _qεmðtÞ þKmqεmðtÞ ¼JTHT1 B0uðtÞ
þJTHT1 wðtÞ ð17Þ
where, Mm ¼ JTMεJ, Cm ¼ JTCεJ, and Km ¼ JTKεJ
represent the modal mass, damping, and stiffness matrices of
the structure, respectively. At the same time, we obtain the
modal frequency matrix U ¼ diagu0 / ur / u m
and U2 ¼ M1m Km based on the definition of the modal
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characteristics in structural dynamics, the structural damping
matrix is unknown. For those structural systems with pro-
portional damping characteristics, the damping matrix can be
obtained via the Rayleigh damping matrix. In the modal co-
ordinates, each modal damping ratio determined for the multi-
DOF system is much more accurate and more reasonable in
terms of physical significance than the Rayleigh damping
coefficient. The modal damping ratio matrix is defined
asZ ¼ diag z0 / zr / z m, and zr is the r-th modal
damping ratio. We know that2ZU ¼ M1m Cm. Eq. (17) can be
expressed as:
€qεmðtÞ þ 2ZU _qεmðtÞ þU2qεmðtÞ ¼M1m JTHT1 B0uðtÞ
þM1m JTHT1 wðtÞ ð18Þ
The above equation is only the differential equation
of motion based on the strain modal coordinates. Next,
taking into account Eq. (16), we obtain the equation
JTHT1 ¼ FT .
The state vector is defined by the strain modal co-
ordinate vector and its derivation vector:
xðtÞT ¼ fqεmðtÞT _qεmðtÞTg The state-space representation
is expressed as:
A¼

0 U
U 2ZU

;
Bu ¼

0
M1
ε
FTB0

; Bw ¼

0
M1
ε
FT I

ð19Þ
The order of the above state-space model is deter-
mined based on the number of the modal truncation,
which is much smaller than n and is even taken as the
fundamental frequency. This type of formulation will
help us reduce the computational burden greatly.
Based on the equation of measurement and the
definition of the systematic state vector as well as on
Eqs. (13), (14) and (16), we obtain the measurement
matrix:
H ¼ ½H1F 0  ð20Þ
Kalman filter approach
The actual strain response measurements are able to
obtain the discrete-time digital signal with sampling
frequency of 1/Dt. xk is defined as the state variable in
the discrete-time system at the time point {kDt}. D.
Simon (2006) presented a method to transform the
continuous-time structural system into a discrete sys-
tem. Using this method, we can obtain the state-space
model in the discrete time series form.
xk ¼ Fk1xk1 þGk1uk1 þG0k1wk1 ð21Þyk ¼ HSxk þ vk ð22Þ
where F ¼ eADt and G ¼ F[I  eADt]A1B. Note that {wk}
and {vk} are both assumed to be zero-mean white noise. In
addition, the covariance matrices Qk and Rk are given by
E

wkw
T
k
¼ Qkdkj; EvkvTk ¼ Rkdkj; EwkvTk ¼ 0 ð23Þ
where dkj is the Kronecker function (if k¼ j, then dkj¼ 1; if
ks j, then dkj ¼ 0.)
In this study, the strain response containing the noise
will be regarded as the measurement sequence {yk}.
Based on the KF process, which is derived for the white
noise part, the maximum amount of information associ-
ated with the state estimators can be extracted. The strain
response estimation is obtained according to the corre-
sponding full measurement matrix H, which is the new
measurement sequence used to achieve the strain response
reconstruction with the limited monitoring system. The
standard KF process is described in the following.
Filter initialisation is the starting point of the esti-
mated mean bxþ0 , along with the estimated error
covariance Pþ0 . The estimated error covariance is
defined as.
Pk ¼ E
h
xk  bxk 	xk  bxk 	Ti
Pþk ¼ E
h
xk  bxþk 	xk  bxþk 	Ti ð24Þ
where ‘’ represents the a priori estimation of the time up-
dates and “þ” represents the a posteriori estimation of the
measurement updates. For each time step of the KF process,
the calculation can be conducted as follows, where k ¼ 1,2,/
bxk ¼ Fk1bxþk1 þGk1uk1
Pk ¼ Fk1Pþk1FTk1 þG0k1Qk1G0Tk1
Kk ¼ Pk HTS

HSP

k H
T
S þRk
	1
bxþk ¼ bxk þKkyk HSbxk 	
Pþk ¼ ðIKkHSÞPk
ð25Þ
where Kk is the gain matrix to be determined, which can be
derived by a cost function based on the minimum variance
principle of the estimation error in the KF process. The state
estimation sequence fbxþk g is obtained through the continuous
loop iteration. Next, the new measurement sequence
fbyk ¼ Hbxþk g is calculated to achieve the structural strain
response estimation.
Numerical case
FEM model
A small-scale five-span planar truss model was
established to verify the theoretical algorithms. This
truss has 12 nodes and 21 elements. The initial elastic
Fig. 2. First and second mode shapes of the small-scale truss.
Fig. 1. Schematic representation of the finite element model of the small-scale truss.
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chord is 0.2 m. The FEM model is shown in Fig. 1. The
first and the second modal frequencies are 199.8 Hz
and 395.2 Hz, respectively. The related mode shapes
are shown in Fig. 2.Fig. 3. Comparisons of the calculated and estimated strain response (19#)
the element strain based response, and (c) denotes the strain modal coordiDeterministic excitation
The deterministic sinusoidal loads with an ampli-
tude of 3000 N are exerted on the 6th DOF along the
direction of the red arrow shown in Fig. 1. Only the
10th chord element strain was used as the measured(Here (a) denotes the nodal displacement based response, (b) denotes
nate based state-space formulation and KF response).
Fig. 4. White noise stochastic load.
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mated using the above-described three types of state-
space formulations and the related KF. For example,
in the 19th web element, the estimated strain response
shown in Fig. 3 agrees well with the calculated
response.
Stochastic excitation
The stochastic white noise loads are exerted on all
of the DOFs of the planar truss structure. TheFig. 5. Comparisons of the calculated and estimated strain responses (19#)
the element strain based response, and (c) denotes the strain modal coordiexcitation at the 6th DOF is shown in Fig. 4. Each of
the upper chords was used as the measured structural
member. Next, all of the strain responses were esti-
mated by the above-described three types of state-
space formulations and the related KF. At the 19th
web element, for example, the estimated strain
response shown in Fig. 5 agrees well with the calcu-
lated response. In addition, the PSD of the same strain
response is shown in Fig. 6. The comparison between
the estimated strain responses and the calculated data
are consistent with each other for the first modal(Here (a) denotes the nodal displacement based response, (b) denotes
nate based state-space formulation and KF response).
Fig. 6. Comparisons of the calculated and the estimated strain response in the frequency domain (19#) (Here (a) denotes the nodal displacement
based response, (b) denotes the element strain based response, and (c) denotes the strain modal coordinate based state-space formulation and KF
response).
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responses do not affect the practical fatigue damage
accumulation.
In particular, regarding the strain modal coordinate
based state-space formulation and the related KF pro-
cess, only the first modal information is required
because it provides the same accuracy as the calcula-
tion. This type of state-space model has been evaluated
to be able to simulate large-scale offshore truss struc-
tures. Meanwhile, the algorithm, that was compiled
based on the Matlab software platform can be inte-
grated with the existing fatigue monitoring system [8]
as an early warning tool.
Conclusion
This paper proposed a strain response estimation
strategy using three types of state-space formulations
and the KF process. The order of the state-space model
in strain modal coordinates is much lower than the
order of the model in nodal coordinates, especially for
large engineering structures. Deterministic and sto-
chastic excitations on a small-scale planar truss model
were simulated to validate the theoretical algorithms.
The estimated strain responses and the calculated data
are consistent with each other. The unmeasured re-
sponses of the structural members for which there is no
available sensor must be estimated, and all of the
achieved responses can be utilised for the fatigue
evaluation.
Meanwhile, considering the weld fatigue at the key
nodes and the existing fatigue monitoring system, thepractical applications of the theoretical approaches in
this paper require further tests and experimental
verification.
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